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Abstract

Eley-Rideal diffusion limited reactions (DLR) were performed over different rough surfaces generated by Rain

model. Multifractal scaling analysis has been carried out on the reaction probability distribution to investigate the effect

of surface roughness on the chemical reactions. The results are compared with the DLRs over surface of diffusion

limited aggregation (DLA). � 2002 Elsevier Science B.V. All rights reserved.

1. Introduction

Irregular surface and interfaces are ubiquitous
in nature. They exist on all scales from that of
atoms to mountains. Much attention has been
attracted on this field owing to the realization that
geometrical imperfections play a key role in many
interfacial processes, such as heterogeneous catal-
ysis [1,2], propagation through waveguides [3,4],
grating [5], scattering [6], adsorption on polymers
[7], etc. Understanding of factors influencing the
performance of interfacial process is not an easy
task. Geometric factor of environments is most
challenging thanks to difficulties of quantification.
Eley-Rideal diffusion limited reaction (DLR) [8] is
an elementary step in many complex interfacial
processes. The practical desire to understand such

reactions stems from the long held belief that a
structural understanding may facilitate the design
of more efficient, more selective, less expensive
interfacial substrates. Fractal theory has provided
an appropriate approach to the study of geometric
parameter and indicate that an infinite number of
exponents are needed for description [9].

Avnir and coworkers [10–13] have reported the
multifractal scaling analysis of DLRs over two
mathematician-made fractal surface, the Cantor
set and Devil’s staircase. They pointed out that
Devil’s staircase surface shows higher position
sensitivity than the Cantor set surface does, even if
they have the same fractal dimension. Mai et al.
[14] observed the strong influence of the lattice
structure on the reaction and in case of fast par-
ticle diffusion, the effect of lattice structure became
unimportant. DLR over diffusion limited aggrea-
gion (DLA) were performed by Lee et al. [15,16]
and found a wider range of a values, scaling ex-
ponents measuring the range of reaction proba-
bility, than Cantor set and Devil’s staircase. a and
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its density function, f ðaÞ, allows a quantitative
evaluation of the degree of reaction probability
distribution inhomogeneity.

In practice, one does not find real surface that
are DLAs due to the mechanical weakness even
though aggregation processes in surface produc-
tion do occur. The surfaces actually used in the
laboratory and in industry are broken DLAs and
their fragments. Also, the catalyst surfaces are
neither totally irregular (fractal) nor are perfectly
regular (geometrically and energetically homoge-
neous) [17]. Real catalyst surfaces represent an
intermediate case which can be viewed as rough
surfaces.

The rough surface can be generated by different
models [18] such as rain model (random deposi-
tion), random deposition with surface diffusion,
ballistic deposition, etc. In random deposition, the
particles are deposited at the top of the column
selected randomly. In random deposition with
surface diffusion, the particles are allowed to dif-
fuse on the surface within a finite distance from
the column in which it was dropped, until it finds
the position with the minimum height. In ballistic
deposition, particles rain down onto the substrate
following parallel straight line trajectories in the
columns in which they were dropped until they
first encounter a particle in the deposit. This can
be a particle at the top of the same column or a
particle in one of the nearest neighboring col-
umns.

The rough surfaces generated by these three
models are different. In random deposition, there
are no correlations between different columns
whereas in random deposition with surface diffu-
sion and ballistic deposition, there are correlations
between the columns. Also the surface generated
by ballistic deposition is a porous complex struc-
ture. It is not always possible that there is a cor-
relation between different heights. The catalyst
surface may or may not have the correlation be-
tween different heights. The surface may or may
not be porous. As the local structure of the surface
is described microscopically, one does not know
whether there is a correlation between heights or
not. We considered, for simplicity, in this study
that there is no correlation between heights and
the surface is not porous. This type of surfaces can

be encountered in vapor deposition and sedimen-
tation [18]. As random deposition model generates
the surface which has no correlations between
different columns, it is simple and requires rela-
tively little information storage (only the heights of
the columns), large structure can be grown. The
effect of surface roughness on the Eley-Rideal
DLR if there is a correlation between different
heights and if the surface is porous, will be con-
sidered in our future study.

DLRs has also been studied earlier over one-
dimensional lattice to grasp the conceptual infor-
mation involved in the realistic two-dimensional
problems by many authors [19–21]. Kopelman and
Argyrakis [19] have investigated the exact posi-
tions on one-dimensional lattice where the reac-
tants A and B have reacted during the course of
reactions, of the Aþ B DLRs. The dimensional
crossover of a diffusion limited Aþ B ! 0 reac-
tions with and without drift field in a quasi-one-
dimensional lattice have been studied by Lee [20].
He observed that, in a quasi-one-dimensional lat-
tice, there is a crossover time tc from the two-di-
mensional behavior to one-dimensional behavior
and for the time t � tc, the system behaves like one
dimension. The particle density showed the two-
dimensional behavior at early times and the one-
dimensional behavior at large times. Diffusion
limited reactions AþA ! 0 and Aþ B ! 0 were
performed on fractal and one-dimensional lattice
by Argyrakis and Kopelman [21]. They investi-
gated the average number of distinct sites visited
by a single random walker in N steps. They have
also studied the effects of excluded volume, time
counting, random number generators, averaging
procedures and boundary conditions.

We also considered here one-dimensional rough
surface to study the surface heterogeneity effect on
the Eley-Rideal DLRs. Since in our study, the case
of perfect sticking is considered, the reacting par-
ticles react at its first contact to the surface i.e. at
the top of the column having largest height among
the neighboring columns. Even though in one di-
mension only half of neighboring site than that of
two dimension are considered, heterogeneity in the
reaction probability distribution is expected to be
same for one dimension and two dimensions and
results in a wider range of reaction probability
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distribution for rough surface than the smooth
surface leading to a wider range of a values in the
multifractal plot, since there are no correlations
between the neighboring columns.

The aim of this Letter is to report the effect of
the surface roughness on the DLRs. The present
paper is organized as follows. In Section 2, the
method of generation of rough surface and the
details of the multifractal scaling analysis are gi-
ven. In Section 3, we present and discuss the re-
sults. Conclusions are given in Section 4.

2. Method

The rough surfaces are generated using random
deposition model [22]. In random deposition
model, particles simply rain down onto a smooth
surface. Particles move along straight line trajec-
tories until they reach the top of the column in
which they are dropped, at which point they stick
to the deposit and become part of the aggregate.
Here, the rough surface generated with 104 parti-
cles, for three different length L viz. 200, 500 and
1000 lattice units. One such surface generated is
shown in Fig. 1.

The surface thickness is obtained as

t ¼
P

i ðhi � HÞ2

Ns

" #1=2

;

where hi is the height of the ith column,
H ¼

P
i hi=Ns is the mean deposition height and Ns

is the number of surface sites. Here Ns ¼ L.

We defined the surface roughness as

Sr ¼ hmax � hmin;

where hmax and hmin are the maximum and mini-
mum height among the columns, respectively.

Once the rough surface is generated (of 104

particles), the releasing particle is changed to re-
acting species. Two models for the Eley-Rideal
reaction are considered.
Model I: The reacting species are allowed to

reach the top of the column selected randomly
(RD).
Model II: The reacting species are allowed to

reach the top of the column which is having
maximum height among columns i, (i� 1) and
(iþ 1), where i is the column selected randomly
(RDWD).

Model I is also used for the smooth surface, as
each column of the smooth surface has same
height (SS).

When the reacting particle reaches to the top of
the column, by any of the above two models, the
reaction count on that surface site is added by one.
After 2:5� 104 particles are launched, the reaction
probabilities of different surface sites are recorded
and analyzed.

Multifractal scaling has been used earlier for
scaling of molecular spectra [23], nature of the
wave function in the Anderson model [24], fluc-
tuations in transmission line [25], and the DLRs
over fractal surface [15,16]. It is useful in the study
of processes in the environment of complex ge-
ometry and it helps to extract the fractal characters
from the reaction probability distribution picture
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Fig. 1. Rough surface for L ¼ 200 lattice unit.
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through f ðaÞ spectrum. We apply the multifractal
scaling which relates the analysis of the distribu-
tion of the reaction probabilities over the length of
the rough surface. The steps in the multifractal
scaling analysis are given below. For details one
can refer to the article by Halsey et al. [26].

The three basic equations in the multifractal
scaling analysis are

Mq ¼
X
i

P q
i ¼

X
p

nðP ÞPq / L�sðqÞ; ð1Þ

sðqÞ ¼ qaðqÞ � f ðaÞ; ð2Þ

d

dq
½sðqÞ� ¼ aðqÞ; ð3Þ

where Mq is the qth-order moment of reaction
probability distribution, sðqÞ is the scaling expo-
nent, Pi is the reaction probability of site i, nðP Þ is
the number of sites with reaction probability P and
L is the length of the surface. Among these three
equations, Eq. (2) is obtained by the following
scaling assumptions used in the limiting case of
large L

P ðqÞ / L�aðqÞ; ð4Þ

n½P ðqÞ� / Lf ðaÞ; ð5Þ
where P ðqÞ denotes the value of P that dominates
the sum in Eq. (1) for the qth-order moment.
Substitution of Eqs. (4) and (5) into Eq. (1) and
taking the logarithm of the maximum elements as
an approximation of the logarithm of the sum
yields Eq. (2). Finally, Eq. (3) represents the value
of a that dominates the summation term in Eq. (1)
and it can be transferred into a more explicit form,

aðqÞ ¼ d

dq
½sðqÞ� ¼

P
i P

q
i lnðPiÞP

i P
q
i lnð1=LÞ

: ð6Þ

In practice, the quantities sðqÞ, aðqÞ and f ðaÞ can
be computed as follows. The probability distribu-
tion is first determined from the simulation. Then
for each L, sðqÞ is calculated from Eq. (1). aðqÞ is
then computed from Eq. (6). By knowing s and a,
one can compute f ðaÞ from Eq. (2). The distribu-
tion of the measure Pi is called multifractal if all of
these moments (Eq. (1)) scale as power laws with
an infinite set of independent exponents sðqÞ. For

q ¼ 0, Eq. (1) reduces to the number of boxes
which have a nonzero measure. If every box has
some finite measure, M0 coincides with N (total
amounts of fractal objects), hence sðqÞ ¼ �D,
namely the fractal dimension of the fractal object.
Also, the normalization

P
i Pi ¼ 1 requires that

sð1Þ ¼ 0. For a complete uniform distribution,
Pi ¼ 1=N and sðqÞ ¼ Dðq� 1Þ, the sðqÞ–q curve
will be linear (the slope is D) and then
f ðaÞ ¼ a ¼ D, i.e. D is also the fractal dimension
of all the subsets. Another linear relationship be-
tween s and q can also be held under the uniform
distribution condition, Pi ¼ 1=C > 1=N , where C
is the number of active sites having nonzero reac-
tion probabilities. In this case the slope will be
smaller than D, the fractal dimension of the fractal
object. According to the above argument, it is
useful to define Dq via

sðqÞ ¼ Dqðq� 1Þ: ð7Þ
For a multifractal behavior, Dq exhibits a non-
trivial dependence on q.

3. Results and discussion

The surface thickness and roughness for the
surfaces with L ¼ 200, 500 and 1000 lattice units
are given in Table 1. It shows that the thickness as
well as the roughness decreases with increase in L.
Smaller the length, more will be the thickness and
roughness of the surface.

The reaction events occurring at each site on the
surface are recorded by counting the number of
visits by the reacting particle and the reaction
probability is calculated at each site. The plot of
reaction probability as a function of site position
gives the position sensitivity of the reaction prob-
ability. Fig. 2 shows these plots for RD, RDWD

Table 1

Surface thickness and roughness for the surfaces

L Roughness Surface thickness

(lattice units) (lattice units)

200 34 6.76

500 28 4.52

1000 20 3.23
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and SS, respectively. The sites are numbered from
left to right and in upward direction.

From the plots, for both the models, the range
of the reaction probability decreases with increase
in length of the surface. Smaller the length, wider
is the distribution of the reaction probability, in-
dicating higher position sensitivity. It shows that
the range of reaction probability decreases with
decrease in roughness of the surface. The range of
reaction probability is almost same for the RD and
SS, as the random deposition of the reacting par-
ticles on rough surface is equivalent to random
deposition on smooth surface. This is due to the
reacting particles reach the top of the column se-
lected randomly, without considering the height of
the neighboring columns. But for RDWD, the
range of reaction probability is wider than RD and
SS, as the reacting particles do not reach to the top
of some columns selected randomly, because of the
larger height of one of the neighboring columns.
This is how the surface roughness affects the re-
action probabilities.

Also for RD and SS, the reaction probability
distribution is homogeneous, but for RDWD, it is
not homogeneous but of spike shape, showing
that, certain sites are rarely visited. Similar non-
uniform reaction probability distribution is ob-
served in DLRs over DLA [15]. Thus, for the
smooth surface, the reaction probability distribu-

tion is uniform but for the rough surface, it is not
uniform but of spike shape.

The position sensitivity was further analysed by
plotting the reaction probability for RDWD, as a
function of height of the surface, in Fig. 3. It can
be seen that the total number of nonactive sites
decrease with increase in L. This is complementary
to the DLR over DLA, in which the number of
nonactive sites increase with increase in DLA size.
More the roughness, more will be the nonactive
sites. The curves for RD and RDWD, for L ¼ 200,
show that the number of nonactive sites in RDWD
are more than that for RD. This is due to the
screening effect i.e. the reacting particle does not
reach to top of some columns which possess lo-
cally minimal height. As the smooth surface has
the reaction probability at the maximum height of
the surface only and it is equal to 1, it is not in-
cluded in Fig. 3.

In Fig. 4, the sðqÞ as a function of q is plotted,
for RD, RDWD and SS. The s–q relation is linear
for all the three cases, unlike the DLR over DLA,
in which the curves are nonlinear. The slope, the
fractal dimension of the surface, is given by
sð0Þ ¼ �D. The sð0Þ values are given in Table 2.
These are one for RD and SS, for all L. But it is
noninteger for RDWD and also changes with L.
We have also checked the values of sð0Þ for higher
L, which become constant to )0.92.

0 2 4 6 8 10
0.000

0.004

0.008

0.012

0.016

 

L=200
 

2 4 6 8 10

(a)
L=500

2 4 6 8 10

L=1000

0 2 4 6 8 10
0.000

0.004

0.008

0.012

0.016

(b)

P
ro

b
ab

ili
ty

2 4 6 8 10

L=500

2 4 6 8 10
 

L=1000

0 2 4 6 8 100.000

0.004

0.008

0.012

0.016

(c) L=200

L=200

 

2 4 6 8 10

L=500

site position (thousand)
2 4 6 8 10

L=1000

Fig. 2. The reaction probability as a function of active site for: (a) smooth surface; (b) RDWD; (c) RD, for L ¼ 200, 500 and 1000.
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In Fig. 5, f ðaÞ is plotted as a function of a
to further explore the properties of reaction
probability distribution for different L values.
From f ðaÞ spectra, we first look at the range of a
values, which indicates the range of reaction
probability. For Fig. 5, we see that, the range of a
values is wider for the rough surface (RDWD) and
is narrow for smooth surface (RD and SS). This

also clearly indicates how the surface roughness
affects the DLRs. The difference in the DLR over
DLA and DLR over rough surface is that the
range of a values in case of DLA decreases with L
but here it increases with L. The f ðaÞ–a curves are
observed symmetric as in Cantor set and Devil’s
staircase, for smooth surface. But for RDWD
(Fig. 5b), the f ðaÞ curves are not symmetric and

Fig. 4. sðqÞ–q curves for: (a) RD; (b) RDWD; (c) SS.

Fig. 3. The reaction probability as a function of height for RDWD, for L ¼ 200, 500, 1000 and RD for L ¼ 200.
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contracts upwardly at high a value indicates the
number of lowest reaction probability sites and
number of larger reaction probability sites are not
even.

4. Conclusions

Multifractal scaling analysis of the reaction
probability distribution were performed for DLRs
over rough surface generated by Random deposi-
tion model. The reaction probability distribution
for the smooth surface is found to be homogeneous
but that for rough surface is not homogeneous and
is of spike shape, due to the screen effect. For the
smooth surface and the random deposition, the

range of a values is narrower as compared to that
for random deposition with diffusion.
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